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A b s t r a c t A r m l t i g r i d method f o r i m p l i c i t schemes of t h e approximate f a c t o r i z a t i o n t y p e is d e s c r i b e d .
a p p l i c a t i o n of t h e method coupled w i t h a n A l t e r n a t i n g D i r e c t i o n I m p l i c i t scheme t o t h e Solut i o n of t h e E u l e r e q u a t i o n s f o r t r a n s o n i c flow o v e r a n a i r f o i l has r e s u l t e d i n very r a p i d convergence. The number of time s t e p s r e q u i r e d t o r e a c h a s t e a d y s t a t e is reduced by a n o r d e r of magnitude by t h e i n t r o d u c t i o n of m u l t i p l e g r i d s . 
I n t r o d u c t i o n M u l t i g r i d has emerged as a p a r t i c u l a r l y e f f i c i e n t technique f o r a c c e l e r a t i n g t h e convergence of numerical c a l c u l a t i o n s . While t h e a v a i l a b l e theorems i n t h e theory of m l t i g r i d methods g e n e r a l l y assume e l l i p t i c i t y , i t seems t h a t i t ought t o be p o s s i b l e t o accelerate t h e e v o l u t i o n of a h y p e r b o l i c system t o a s t e a d y s t a t e
by u s i n g large time s t e p s on c o a r s e g r i d s , so t h a t d i s t u r b a n c e s are more r a p i d l y e x p e l l e d through t h e o u t e r boundary. m u l t i g r i d method can d r a m a t i c a l l y a c c e l e r a t e t h e convergence of t r a n s o n i c p o t e n t i a l flow c a l c u l at i o n s , although t h e governing e q u a t i o n s a r e of mixed e l l i p t i c and h y p e r b o l i c t y p e [ l ] . For t h e E u l e r e q u a t i o n s a m u l t i g r i d scheme proposed by Ni has widely been used 121. I n i t s published form h i s d i s t r i b u t e d c o r r e c t i o n scheme i n c l u d e s an a r t i f i c i a l d i s s i p a t i o n term which r e s t r i c t s the r e s u l t s to f i r s t o r d e r accuracy. A new m u l t i g r i d method which is second o r d e r a c c u r a t e i n space was developed f o r t h e m l t i s t a g e e x p l i c i t time s t e p p i n g scheme L31. S i n c e t h e t i m e s t e p of an e x p l i c i t scheme is l i m i t e d by the Courant-Friedrichs-Lewy (CFL) c o n d i t i o n , which r e q u i r e s that t h e r e g i o n of dependence of t h e d i ff e r e n c e scheme must a t l e a s t i n c l u d e t h e r e g i o n Of dependence of t h e d i f f e r e n t i a l e q u a t i o n , an implic i t scheme is p r e f e r r e d as t h e d r i v i n g scheme. TWO g e n e r a l types of i m p l i c i t schemes can be d i s t i n g u i s h e d , t h o s e u s i n g r e s i d u a l a v e r a g i n g , and t h o s e based on approximate f a c t o r i z a t i o n . Recently t h e r m l t i g r i d method was s u c c e s s f u l l y i n t r o d u c e d f o r t h e i m p l i c i t m l t i s t a g e scheme 141 which belongs t o t h e r e s i d u a l averaging type.
I n t h i s paper i t is shown t h a t t h e schemes of approximate f a c t o r i z a t i o n t y p e can be adapted f o r use i n c o n j u n c t i o n w i t h a m u l t i g r i d technique t o produce a r a p i d l y convergent a l g o r i t h m f o r calcul a t i n g s t e a d y s t a t e s o l u t i o n s of t h e E u l e r It has been e s t a b l i s h e d t h a t t h e 2. Semi-Discrete F i n i t e Volume Scheme
The E u l e r e q u a t i o n s i n i n t e g r a l form can he w r i t t e n as:
f o r a f i x e d r e g i o n n w i t h boundary 2% Here w r e p r e s e n t s t h e conserved q u a n t i t y and 9 is t h e corresponding f l u x term. I f we m i t e p, P, u, v , E and H f o r t h e p r e s s u r e , d e n s i t y , C a r t e s i a n veloc i t y components, t o t a l energy and t o t a l e n t h a l p y , t h e n e q u a t i o n (1) r e p r e s e n t s mass c o n s e r v a t i o n if we p"t w = P, p = (PU, PV).
For c o n s e r v a t i o n of mmentum i n t h e x d i r e c t i o n we
in e q u a t i o n (1). y d i r e c t i o n is s i m i l a r l y defined. c o n s e r v a t i o n is given by Conservation of momentum i n t h e F i n a l l y energy
These e q u a t i o n s are t o be s o l v e d f o r a s t e a d y s t a t e a w l a t -0 where t denotes time.
A convenient way to a s s u r e a s t e a d y s t a t e s o l u t i o n independent of t h e time s t e p 18 t o s e p a r a t e t h e space and time d i s c r e t i z a t i o n procedures.
I n semi-discrete f i n i t e volume scheme one b e g i n s by applying a s e m i -d i s c r e t i z a t i o n i n which only t h e s p a t i a l d e r i v a t i v e s are approximated. I n o r d e r t o d e r i v e a s e m i -d i s c r e t e = d e l which c a n be used t o treat complex geometric domains, t h e computational domain is d i v i d e d i n t o q u a d r i l at e r a l cells. Assuming t h a t t h e dependent v a r i a b l e s are known at t h e c e n t e r of each c e l l , a system of o r d i n a r y d i f f e r e n t i a l e q u a t i o n s is o b t a i n e d by applying e q u a t i o n (1) s e p a r a t e l y t o e a c h c e l l . These have t h e form where Sij is t h e cell area. and Qij is t h e n e t . f l u x o u t of t h e c e l l . T h i s can be e v a l u a t e d as e q u a t i o n s .
where fk and gk denote values of the flux vectors f and g on the kth edge, A+ and AYk are the increments of x and y along the edge with appropriate signs, and the sum is over the four sides of the cell. The flux vectors are evaluated by taking the average of the values in the cells on either side of the edge:
for example. The scheme constructed in this manner reduces to a central difference scheme on a
Cartesian grid, and is second order accurate in space provided that the mesh is smooth enough. It also has the property that uniform flow is an exact solution of the difference equations.
Adaptive Dissipation
In order to suppress the tendency for spurious odd and even point oscillations, and to prevent unsightly overshoots near shock waves, the scheme is augmented by a dissipative term 60 that equation ( 2 ) becomes Here Dij is the dissipation, which is constructed so that it is of third order in smooth regions of the flow. form For the density equation Dij(p) has the -d
Both coefficients include a normalizing factor Si+l/?,j/~~ roportional to the length of the cell side, and E(4)i+l/2,j is also made proportional to the normalized second difference of the pressure in the adjacent cells. This quantity is of second order except in regions containing a steep pressure gradient. The fourth differences provide background dissipation throughout the domain. In the neighborhood of a shockwave, v i is order one and the second differences become tie dominant dissipative terms. The dissipative term for the other equations are Constructed from similar formulas with the exception of the energy equation where the differences are of PH rather than PE. The purpose of this is to allow a steady state solution for which H remains constant.
. Implicit Schemes
In differential form the Euler equations are scheme takes the form in one dimension where f and g are flux vectors. A prototype implicit scheme far a system of nonlinear hyperbolic equations such as the Euler equations can be formulated as Written for an n x n mesh, the equation (11) has a block tridiagonal form, requiring O h 4 ) operations for inversion. Because of this rapid growth of the operation count vith n, the Newton method appears to be uncompetitive except on very coarse meshes. The scheme is reduced to an Alternating Direction Implicit (ADI) scheme by replacing the operator of equation (11) by a product of two one-dimensional operators [SI, L61.
(1 + BAt DxA)(I + $At DyB)bw + AtR = 0 (12) Equation (12) are coefficients of second and I. With c ( 2 ) i -const. and E(~), = 0, the scheme uses implicit dissipation of second differences with constant coefficient and requires block tridiagonal inversion.
With E ( z ) i -E~(E(~)~) and s(4)i -E2(cc4),)
where El and E2 are functional relationships to be determined, the scheme uses implicit dissipation of blended second and fourth differences which match explicit dissipation with variable coefficients and requires block pentadiagonal inversion. where u means the updated value. On the first coarse grid, R& is replaced by IRh with the result that the evolution on the coarse grid is driven by the residuals on the fine grid. The evolution on the next coarser grid is driven by an estimate of whet the fine grid residuals would have been as a result of the correction on the first coarse grid.
The entire process is repeated on successively coarser grids. Finally, the correction calculated on each grid is passed back to the next finer grid by bilinear interpolation. Since the evolution an a coarse grid is driven by residuals collected from the next finer grid, the final solution on the fine grid is independent of the choice of boundary conditions on the coarse grids. The surface boundary condition is treated in the same way on every grid, by using the normal pressure gradient to extrapolate the surface pressure from the pressure in the cells adjacent to the wall. The far field conditions can either be transferred from the fine grid, or recalculated by the procedure described in Section 2.
The interpolation of corrections back to the fine grid will introduce errors which cannot be rapidly expelled from the fine grid, and ought to be locally damped, if a fast rate of convergence is to be attained. Thus it is important that the driving scheme should have the property of rapidly damping out high frequency modes. The success of a multigrid method is critically dependent on the shape of the amplification factor. To see how the schemes can be adapted to meet this requirement we consider B model problem.
x y e xxxx YYYY Using the Yon Neumann stability test the amplification factor G(E,n) of B scheme is calculated. E and n denote wave numbers. h e can derive a functional relationship between the coefficients of dissipative terms which minimize the growth factor at the high frequency modes. For the above two dimensional model problem the relation is given by where A is the CFL number and m is the order of implicit dissipation. With this choice of coefficients the amplification factor G(S,n) should be zero at F -n = n.
Figure l(a) shows the amplfication factor of the scheme with 6 -1 and without any dissipation.
Note that the scheme is dissipative while it is not with 6 = 112. However, the scheme does not have good damping characteristic for the high frequency components. This can be improved by the addition of dissipation as shown in Figure l Several time steps might be used at each level of the mltigrid cycle, but it turns out that an effective mltigrid strategy is to use a simple saw tooth cycle (as illustrated in Figure 2) , in which a transfer is made from each grid to the next coarser grid after a single time step. After reaching the coarsest grid the corrections are then successively interpolated back from each grid to the next finer grid without any intermediate Euler calculations. On each grid the time step is varied locally to yield a fixed Courant number, and the same Courant number is generally used on all grids, so that progressively larger time steps are used after each transfer to a coarser grid.
In comparison vith a single time step on the fine grid, the total computational effort in one multigrid cycle is 
+
plus the additional work of collecting residuals and interpolating the corrections. However, it has been found to be effective to use scheme I1 of section 4 an the fine grid, and to use scheme I11 on the coarse grids. Since the scheme on the coarse grids needs tridiagonal inversion while the scheme on the fine grid requires pentadiagonal inversion, the additional computational effort is less than 30L. The effective time step of a complete cycle using N grid levels is approximately (ZN-l)At where At is the time step on the fine grid.
. Enthalpy Damping
Provided that the enthalpy has a conetanc value H, in the far field, it is constant everywhere in a steady flow, as can be seen by comparing the equations for conservation of mass and energy. If we set H = fL everywhere in the flow field throughout the evolution, then the pressure can be calculated from the equation This eliminates the need to integrate the energy equation. The resulting three equation model still constitutes a hyperbolic system, which approaches the same steady state as the original system. An alternative modidfieation is to retain the energy equation, and to add forcing terms proportional to the difference between H and H , [SI. Since the space discretization scheme of Section 2 is constructed in such a way that H = fL is consistent with the Steady state solution of the difference equations, these terms do not alter the final steady state. Numerical experiments have confirmed that they do assist convergence.
The terms added to the mass and mmetum equations are op (H-fL), apu(H-H.) and apv (H-H,) , while that added to the energy equation is ap (H-&) to avoid a qusdrstic term in H which can be destabilizing. In mltigrid calculations an effective strategy is to include these terma only on the fine grid, and to increase the parameter a.
A further way of accelerating the convergence rate to a steady state is the use of a variable time step. The purpose of the variable time step is to increase the speed at which disturbances are propagated through the domain.
Boundary Conditions
At a solid boundary the only contribution to the flux balance comes from the pressure. The normal pressure gradient aplan at the wall can be estimated from the condition that alat (pq,,) = 0, where qn is the normal velocity component. The pressure at the wall 1s then estimated by extrapolation from the pressure at the adjacent cell centers, using the known value of aplan.
The rate of convergence to a steady state will be impaired if outgoing waves are reflected back into the flow from the outer boundaries. The treatment of the far field boundary condition is based on the introduction of Riemann invariants for a one dimensional flow normal to the boundary. where qn and c are the actual normal velocity c o w ponent and speed of sound to be specified in the far field. At an outflow boundary, the tangential velocity component and entropy are extrapolated from the interior, while at an inflow boundary they are specified a8 having free stream values. These four quantities provide a complete definition of the flow in the far field. If the flow is supersonic in the far field, all the flow quantities are specified at an inflow boundary, and they are extrapolated from the interior at an outflow boundary.
Results
Two dimensional calerraltions have been performed to test the rmltigrid method with the Implicit schemes. The airfoil calculations were carried out using an +mesh, which was generated by the method of conformal mapping, with 128 intervals in the direction around the airfoil and 32 intervals in the radial direction. The mesh is shown in Figure 3 . Based on the build-up of the supersonic zone and the drag coefficient the nultigrid method needs 40 cycles for convergence while the single grid method requires 600 cycles. The number of cycles is reduced by a factor of 15. This dramatic acceleration of convergence is achieved by the use of the scheme I1 which solves the pentadiagonal system in the fine grid and the tridiagonal system in the coarse grids. With scheme I which uses the tridiagonal solver on all grids the acceleration due to rmltiple grids is less impressive. The slower convergence results from the use of a constant coefficient in the implicit dissipation. These results explain the importance of high frequency damping in rmltigrid through the matching of implicit and explicit dissipation.
Other examples include lifting cases. Pigvre 8 shows the transonic lifting case at Mach 0 . 8 and an angle of attack 1.25O. Figure 9 shows the solution of a subsonic flow over NACA 0012 airfoil at Mach 0.5 and an angle of attack of 3O. Figure 10 shows the case of KORN airfoil at a shock-free condition which is numerical verification of i'brawetz theorem that a shock free transonic flow is an isolated point. and that arbitrary small changes in boundary conditions w i l l lead to the appearance of shock waves. The drag be zero in shock free flows like subcritical flow or KORN airfoil case, and the small calculated of drag coefficient is an indication of the level of discretization error. Finally the solution of the transonic flow 8t Mach 0.85 is shown in Figure   1 
.
I n Practice the factored schemes have a stability bound. interactions of the factorization error at very large time steps, the nonlinearity of the problem, and the treatment of boundary conditions. Possible sources of this are the However, it seem that it should be possible to take larger time steps than those used in present calculations. Even though the implicit scheme is fast, the block inversions are expensive. The computational work may be able to be decreased by using a diagonalization of the blocks which needs scalar inversions [71.
Conclusion
It is shown that a multigrid method combined with the AD1 scheme can substantially accelerate the convergence of a time dependent hyperbolic system to a steady state. The solution is converged in less than 50 cycles and the achieved acceleration factor of 15 agrees well with the theoretical prediction. With the formulations here used, the steady state is entirely determined by the space discretization scheme on the fine grid. The discretization error of the present fine grid scheme is of second order in smooth regions of the flow. Further acceleration seems to be possible by achieving the potential of the implicit scheme. 
